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LINEAR RESPONSE FOR MACROSCOPIC OBSERVABLES IN
HIGH-DIMENSIONAL SYSTEMS
CAROLINE L. WORMELL∗ AND GEORG A. GOTTWALD†
Abstract. The long-term average response of observables of chaotic systems
to dynamical perturbations can often be predicted using linear response theory,
but not all chaotic systems possess a linear response. Macroscopic observables
of complex dissipative chaotic systems, however, are widely assumed to have
a linear response even if the microscopic variables do not, but the mechanism
for this is not well-understood.
We present a comprehensive picture for the linear response of macroscopic
observables in high-dimensional weakly coupled deterministic dynamical sys-
tems, where the weak coupling is via a mean field and the microscopic sub-
systems may or may not obey linear response theory. We derive stochastic
reductions of the dynamics of these observables from statistics of the micro-
scopic system, and provide conditions for linear response theory to hold in
finite dimensional systems and in the thermodynamic limit. In particular,
we show that for large systems of finite size, linear response is induced via
self-generated noise.
We present examples in the thermodynamic limit where the macroscopic
observable satisfies LRT, although the microscopic subsystems individually
violate LRT, as well a converse example where the macroscopic observable
does not satisfy LRT despite all microscopic subsystems satisfying LRT when
uncoupled. This latter, maybe surprising, example is associated with emergent
non-trivial dynamics of the macroscopic observable. We provide numerical
evidence for our results on linear response as well as some analytical intuition.
1. Introduction
Since its introduction in the 1960s, linear response theory (LRT) has been widely
used across numerous disciplines to quantify the change of the mean behaviour of
observables in a perturbed environment. LRT is valid, in essence, provided the in-
variant measure varies differentiably with respect to the perturbation; consequently
LRT allows for a Taylor expansion of the perturbed invariant measure around the
unperturbed invariant measure. Hence, when valid, LRT provides an expression
of the average of some observable when subjected to small perturbations from an
unperturbed state – the system’s so called response – entirely in terms of statistical
information from the unperturbed system.
Climate scientists in particular have successfully applied LRT to eke out valu-
able information about the change of certain atmospheric and oceanic observables
under changed climatic conditions. Applications include atmospheric toy mod-
els [38, 36, 2, 3, 17, 16], barotropic models [11, 29, 4], quasi-geostrophic models
[19], atmospheric models [40, 13, 30, 28, 31, 43, 27] and coupled climate models
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[35, 34, 21, 41]. The seminal work by Ruelle [44, 45, 46, 47] rigorously established
that LRT is valid in uniformly hyperbolic Axiom A systems. Success in reliably es-
timating the response of a physical system, as exemplified by the above applications
in the climate sciences, prompted scientists to believe that general chaotic dynam-
ical systems obeyed LRT. This belief was proven wrong by Baladi and co-workers
[8, 9, 7, 10, 18] who showed that simple dynamical systems such as the logistic map
violate LRT and support an invariant measure that changes non-smoothly with
respect to the perturbation. This raises the question of how a high-dimensional dy-
namical system, despite its constituent subsystems typically individually violating
LRT, may exhibit linear response.
The majority of the scientific community, including the authors, believe that
the interaction between the microscopic constituents in typical high-dimensional
systems leads to an emergence of LRT at the macroscopic level. How exactly this
is achieved and what the conditions are for the dynamical systems for which LRT
is guaranteed, however, remains an open question. In the literature the validity of
LRT in high-dimensional deterministic systems is often justified by appealing to
the chaotic hypothesis of Gallavotti and Cohen [22, 23, 24] according to which the
attracting dynamics of high-dimensional system behaves for all practical purposes
as an Anosov system. However, even under this hypothesis one cannot relate the
equivalent Anosov systems for different perturbations, which is the focus of LRT.
In particular, for dissipative systems the response of the attracting dynamics to
perturbations depends on the properties of the flow outside the attractor as well
as on it: off the attractor the flow may be non-hyperbolic, and hence leading to a
breakdown of linear response. In stochastic systems, however, it is well established
that LRT can be justified [33, 32].
In previous work, we argued that a combination of statistical limits of the high-
dimensional system and a sufficient degree of heterogeneity in the system causes a
high-dimensional system to obey LRT [50]. We considered a single resolved degree
of freedom weakly coupled to M unresolved uncoupled degrees of freedom, the so
called heat bath, which evolve according to their own randomly drawn parameters.
Both the distinguished degree of freedom as well as the heat bath were described by
logistic maps, which individually violate LRT. In the thermodynamic limit we de-
rived a stochastic limit system for the distinguished degree of freedom; it was shown,
however, that the mere presence of stochasticity is not sufficient to guarantee LRT,
but the microscopic subsystems need to be appropriately heterogeneous, with the
parameters of the logistic map drawn from a sufficiently smooth distribution. The
perturbations considered were homogeneous perturbations of the randomly-drawn
logistic parameters in the microscopic heat bath system as well as general smooth
perturbations in the evolution of the distinguished macroscopic variable.
We continue this line of research and consider here macroscopic observables of
high-dimensional dynamical systems whose microscopic constituents may violate
LRT, rather than observables only of individual distinguished degrees of freedom.
We extend our previous work to consider more general perturbations than homo-
geneously perturbing the parameters, and include the more realistic case when the
microscopic dynamics are coupled via a mean field. The inclusion of a mean field
coupling, we shall see, allows for more complex dynamical scenarios, including the
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case when all individual microscopic subsystems obey LRT when uncoupled, but
the collective macroscopic dynamics violates LRT. We provide a comprehensive pic-
ture of the linear response behaviour of macroscopic observables, for uncoupled and
for mean field coupled systems, and we find that the existence of LRT depends in
an intricate way on the combination of effective stochastic behaviour of the macro-
scopic observable, the macroscopic dynamics of the thermodynamic limit, and on
the smoothing property of heterogeneously distributed dynamical parameters of the
microscopic subsystems. There now exists a statistical test which allows to probe
for the validity of LRT in a given time series [26], which we shall use to corroborate
our findings.
The paper is organized as follows. Section 2 briefly reviews LRT. We introduce
the high-dimensional systems under consideration in Section 3 and summarise our
results in Section 4. Sections 5 and 6 provide numerical evidence and an analytical
treatment corroborating the results summarized in Table 1 for uncoupled and for
mean field coupled systems. We conclude with a discussion and an outlook in
Section 7.
2. Linear response theory
We briefly review some basic notation of linear response theory. Consider a
family of dynamical systems fε : D → D on some spaceD where the map fε depends
smoothly on the parameter ε and where for each ε the dynamical system admits
a unique invariant physical measure µε. An ergodic measure is called physical if
for a set of initial conditions of nonzero Lebesgue measure the temporal average
of a typical observable converges to the spatial average over this measure. LRT is
concerned with the change of the average of an observable φ : D → R,
Eε[φ] =
∫
D
φdµε
upon varying ε. A system exhibits linear response at ε = ε0, if the derivative
Eε0 [φ]′ :=
∂
∂ε
Eε[φ]|ε0
exists. A sufficient condition for this is that the invariant measure µε is differentiable
with respect to ε. This derivative can be expressed entirely in terms of the invariant
measure µε0 of the unperturbed system using so-called linear response formulae
[46, 45, 7]. The average of an observable of the perturbed state is then expressed
to first order as
Eε[φ] ≈ Eε0 [φ] + (ε− ε0)Eε0 [φ]′.
If the derivative exists, then this expansion expresses the remarkable result that the
average of the perturbed state is determined up to o(ε − ε0) by the properties of
the unperturbed system. If however it does not exist, we say there is a breakdown
of linear response, which manifests itself in a rough dependency of averages of the
observable on the perturbation ε [26].
3. Model
We consider high-dimensional systems composed of M  1 chaotic microscopic
degrees of freedom q(j), j = 1, · · · ,M , which evolve in discrete time n according to
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Figure 1. General set-up. We consider the behaviour of macro-
scopic observables Ψ which are constructed either from (a): a large
system of M uncoupled microscopic units q(j), or (b) a large sys-
tem in which theM microscopic units are coupled via a mean field
variable Φ. Perturbations ε are applied globally to the dynamics
of all heat bath variables q(j).
their individual parameters a(j). These degrees of freedom, evolving in isolation,
may or may not obey LRT. We restrict our study of LRT to macroscopic observables
Ψn = Ψ(q
(1)
n , q
(2)
n , · · · , q(M)n ).(1)
We consider in particular a mean field observable
Ψn =
1
M
M∑
j=1
ψ(q(j)n ),(2)
where ψ is some observable of the microscopic variable. We consider here two
scenarios, illustrated in Figure 1, where the perturbations of size ε are globally
applied to the dynamics: the case where the dynamics of the q(j)n are uncoupled
with
q
(j)
n+1 = f(q
(j)
n ; a
(j), ε),(3)
and the case where the dynamics of the q(j)n are coupled by a mean field Φ with
q
(j)
n+1 = f(q
(j)
n ,Φn; a
(j), ε)(4)
where the coupling mean field is given by
Φn =
1
M
M∑
j=1
φ(q(j)n )(5)
for some function φ. Note that we explicitly distinguish between the macroscopic
observable Ψn and the dynamic variable Φn. In the numerical simulations example
we consider we did not find any difference in their respective LRT properties; the
distinction, however, is instructive for the theoretical considerations provided later.
For each of the two scenarios we study the linear response of Ψ for three different
types of the microscopic dynamics f .
We consider the case of microscopic dynamics which when viewed in isolation
obeys LRT, such as uniformly expanding maps (the specific maps we will study
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are described in Section 6.2.1). We then consider the case when the microscopic
dynamics when viewed in isolation does not obey LRT. The simplest such sys-
tem is the logistic map as established by Baladi and co-workers [8, 9, 7, 10, 18].
For concreteness, we consider perturbations of the modified logistic map that was
introduced in [50],(
q
(j)
n+1, r
(j)
n+1
)
=
{(
q
(j)
n , 2r
(j)
n
)
r
(j)
n <
1
2(
a(j) q
(j)
n (1− q(j)n ) + h(q(j)n ,Φn) + εg(q(j)n ), 2r(j)n − 1
)
r
(j)
n ≥ 12
,(6)
where the logistic map parameters a(j) are sampled from a distribution ν(a)da. To
investigate the linear response properties of this system we choose the perturbation
function
g(q(j)n ) = 4(q
(j)
n (1− q(j)n ))2.(7)
The function h(q(j)n ,Φn) denotes the mean field coupling which is set to h ≡ 0
in the uncoupled scenario. In the coupled scenario we will consider the mean field
coupling
h(q(j)n ,Φn) = (1− 2q(j)n )q(j)n (1− q(j)n ) tanh Φn.(8)
We remark that a naive choice of mean field coupling with h = Φn would just
lead back to the standard logistic map for some p(j)n = αq(j) + β with a modified
logistic map parameter a(j) = a(j)(Φn). The mean field Φn is given by (5) and is
constructed using
φ(q) = 4T5(2q − 1) + 1,
where T5(x) = 16x5 − 20x3 + 5x is the 5th Chebyshev polynomial, whose value
oscillates across the phase space.
The inclusion of the mixing doubling map dynamics rn ensures that the overall
dynamics is mixing even when the logistic parameters a(j) correspond to regular
dynamics. The inclusion of the cocycle rn, however, does not alter the invariant
measure of the logistic map for constant Φn and the marginal invariant measure of
q(j) the invariant measure of a logistic map at parameter a(j). Hence, notwithstand-
ing any dynamics of Φn, the microscopic dynamics (6) violates LRT while being
mixing. In [50] it was established that the heterogeneity of the parameters a(j), as
exemplified by the regularity of ν(a), was crucial in establishing LRT (albeit in a
different, less general setting). We therefore consider here two cases: the case when
ν(a) is smooth, in particular at least once-differentiable with respect to a, and the
case when ν(a) is non-smooth, for example when ν(a) is a linear combination of
delta functions. Similar to [50] we choose as a smooth distribution the raised cosine
distribution supported on the interval [3.7, 3.8], which is given by
ν(a) = 1[3.7,3.8]
1
0.1
(
1 + cos
(
a− 3.75
0.05
pi
))
.(9)
We have chosen this distribution as it is both compactly supported and resembles
a Gaussian distribution (see Figure 2). For a non-smooth distribution we choose
the discrete distribution
ν =
1
3
(δ3.72 + δ3.75 + δ3.78),(10)
which has a similar distribution of moments.
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Figure 2. Probability density function ν(a) of the raised cosine
distribution (9) with compact support on the interval [3.7, 3.8].
4. Summary of results
Our main results for these different dynamical scenarios and cases are sum-
marised in Table 1. We differentiate between the thermodynamic limit M = ∞
and the case of a large, finite heat bath size M (which may not necessarily ap-
proach a smooth limit as M → ∞). We summarise the dynamical mechanisms
leading to the comprehensive picture provided in Table 1, which are to the best
of our knowledge hitherto unknown. The following sections will establish these
findings in detail.
• Macroscopic mean field observables generated by an appropriate heteroge-
neous set of microscopic chaotic systems may exhibit linear response, even
if the individual members of those systems may not individually have LRT
(Section 5.2.2).
• In the thermodynamic limit, macroscopic observables obey a law of large
numbers. If the microscopic dynamics is mixing, this leads in the case
of no back-coupling to trivial macroscopic dynamics (Section 5.1); when
there is back-coupling and provided the microscopic dynamics collectively
obeys LRT, one can derive a smooth non-Markovian closure for macroscopic
variables (Section 6.1). In the latter case, if the macroscopic dynamics con-
verges to a fixed point or to a limit cycle, the macroscopic mean field
observables satisfy LRT in the thermodynamic limit (Section 6.2). How-
ever, the reduced macroscopic dynamics may also converge to a chaotic
dynamical system which violates LRT. This is possible even if the individ-
ual microscopic dynamics is uniformly hyperbolic (Section 6.3).
• In finite ensembles with M <∞ the mean field involves an O(1/√M) cor-
rection to the thermodynamic mean field dynamics, which may not obey
LRT (Section 5.1). The possible violation of LRT of macroscopic observ-
ables, however, is not detectable for practical purposes, and the observed
linear response is determined by the linear response property of the ther-
modynamic limit.
• In finite weakly self-coupled system such as (4), macroscopic mean fields
typically satisfy a central limit theorem. As a result, the back-coupling
of the mean field introduces a small “noise” into the microscopic systems,
which can induce linear response in the system. The statistical properties
of this dynamic noise and its linear response properties are determined
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macroscopic observables
microscopic subsystem uncoupled coupled
f satisfies LRT finite M 3 3
M →∞ 3 O
f violates LRT with smooth ν(a)da finite M (3) (3)
M →∞ 3 O
f violates LRT with non-smooth
ν(a)da
finite M 7 (3)
M →∞ 7 7
Table 1. Summary of our main result. The checkmarks 3 de-
note cases when the macroscopic observable Ψ enjoys LRT (if in
brackets LRT is satisfied for practical purposes), the cross-marks 7
denote cases when LRT is violated for the macroscopic observable.
The star O denotes cases when LRT may or may not be satisfied
depending on the linear response of the limiting dynamics of the
macroscopic observable (see Section 6).
by the linear response property of the thermodynamic limit. In the case of
failure of linear response in the thermodynamic limit, the convergence to the
thermodynamic limit is approached for finite large M through bifurcations
which become increasingly dense in ε (Section 6.2.3).
In the following we provide numerical evidence and theoretical arguments cor-
roborating these results. We first consider the case of macroscopic observables of
an uncoupled heat bath before considering the case of macroscopic observables of
a mean field coupled heat bath.
5. Macroscopic observables of uncoupled microscopic subsystems
We are concerned with the behaviour of averages of the macroscopic observable
Ψ. We distinguish here two averages; the average with respect to initial conditions
of q(j), which we denote by E, and the average over the independently chosen
logistic map parameters distributed according to ν(a) which we denote by angular
brackets 〈·〉. In real systems (for which the parameters a(j) are selected once only),
the average of interest is E, the expectation with respect to initial conditions.
We describe a stochastic reduction of the mean field dynamics in Section 5.1 and
in Section 5.2 discuss the linear response properties for each of the three kinds of
microscopic subsystems we outlined in Section 3.
5.1. Stochastic reduction of mean field dynamics. The average with respect
to initial conditions is written as
Eψ(q(j)n ) =
∫∫
ψ(q)dµa
(j)
(q),
where µa
(j)
(q(j)) is the invariant measure of q(j). The Law of Large Numbers then
reads as
〈EΨn〉 =
∫∫
ψ(q)dµa(q)dν(a).(11)
8 CAROLINE L. WORMELL∗ AND GEORG A. GOTTWALD†
(In view of Section 6 where the mean field coupling is considered and the q(j) depend
on a time-varying driver, we remark that in that case averages are computed with
a time dependent measure µa
(j)
n (q
(j)).)
We first establish the case of LRT for a finite heat bath. For large but finite
system size M , both averages are equipped with their own finite size correction,
described by the central limit theorem. In equilibrium each ensemble member
q
(j)
n , at a given time n, is an independent sample from the invariant measure µa
(j)
.
Macroscopic observables Ψ (2) can be approximated using the central limit theorem
and the independence of the q(j) by
Ψn = EΨn +
1√
M
ζn + o(1/
√
M),(12)
where the expectation value
EΨn =
1
M
M∑
j=1
∫
ψ(q)dµa
(j)
(q)
is over initial conditions q(j) at fixed a(j). The random mean-zero Gaussian process
ζn has autocovariance function Cζ(m) with
Cζ(m) = cov(ζn, ζn+m) = lim
M→∞
1
M
M∑
j=1
E[ψ(j)0 ψ
(j)
m ]
= 〈E[ψ0ψm]〉.(13)
The existence of a central limit theorem is guaranteed for unimodal maps using
results of Lyubich [37] who proved that almost every non-regular logistic param-
eter satisfies the so-called Collet-Eckmann condition [14], which then implies the
existence of good statistical properties including the central limit theorem[5, 39].
We remark that, the parameters of the process ζn in the finite-M cases have the
same LRT properties as the associated thermodynamic limit.
The independent sampling of the a(j) allows for a further application of the
central limit theorem, and we can write
EΨn = 〈EΨn〉+ 1√
M
η + o(1/
√
M),(14)
where the random variable η is, for fixed ε, a mean-zero Gaussian variable. As a
function of ε, η is a Gaussian process with covariance
〈ηεηε′〉 = 〈Eε[ψ]Eε′ [ψ]〉 − 〈Eε[ψ]〉〈Eε′ [ψ]〉,(15)
and typically is no more differentiable with respect to ε than Eε[ψ], which implies
that LRT is violated for finite M if the microscopic subsystems do not individually
satisfy LRT. However, for finite M  1 the response term 〈EΨn〉 dominates over
the contribution of η and the violation of LRT can only be detected for vanishingly
small values of ε. This addresses the bracketed nature of the (3) checkmark in the
first column in Table 1.
We remark that, notwithstanding the rough parameter selection error discussed
above, and recalling that the linear response of the process ζn is determined by
the linear response property of he associated thermodynamics limit, the overall
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linear response of Φn depends entirely on whether the thermodynamic limit 〈EΨn〉
satisfies LRT or not. We discuss this question in the next section.
5.2. LRT of thermodynamic limit mean field observables of uncoupled
microscopic subsystems. We now investigate the response of 〈EΨn〉, i.e. the
thermodynamic limit. We distinguish between three cases: when the microscopic
dynamics satisfies LRT, and when the the microscopic dynamics does not satisfy
LRT and has a distribution ν(a) of the parameters which is either smooth or non-
smooth.
5.2.1. The microscopic subsystems satisfy LRT. If the microscopic dynamics obeys
LRT, as is the case for uniformly expanding maps such as (32), it is clear that LRT
also holds for macroscopic observables (2). For finite heat bath sizes Ψ, we have
d
dε
EεΨn =
1
M
M∑
j=1
d
dε
Eψ(q(j)n )
and the macroscopic observable Ψ has LRT since the M subsystems individually
satisfy LRT with uniformly bounded ddεdµ
(aj ,ε). The validity of LRT carries over
to the thermodynamic limit with
d
dε
〈EεΨn〉 =
∫∫
ψε(q)
d
dε
dµ(a,ε)(q)ν(a)da.
Note that we may allow for a ν-measure zero subset of subsystems at any given ε to
individually violate LRT, and still obtain LRT for the macroscopic observable Ψ in
theM →∞ limit. In this case, however, the η correction may not be differentiable.
5.2.2. The microscopic subsystems do not satisfy LRT but are appropriately hetero-
geneous. As typical microscopic dynamics leading to violation of LRT we consider
the modified logistic map (6), which is perturbed in ε by the function (7).
Figure 3 provides numerical evidence that, for these maps, the macroscopic ob-
servable Ψ has linear response for a wide range in ε. To determine the smoothness
of 〈EεΨ〉, we determine its Chebyshev coefficients on a Chebyshev roots grid of
1000 points. We find that the Chebyshev coefficients decay as (k−4), which is in-
dicative of 〈EεΨ〉 being between C3− and C4 differentiable over a large interval:
this level of differentiability, as we will see below, is connected to the smooth-
ness of the raised-cosine distribution (9), which is also C3 [50]. We have also em-
ployed the test statistics for higher-order linear response developed in [26] to test
the null-hypothesis of 〈EεΨ〉 being well-approximated by a linear combination of
Tk(0.1
−1(ε+ 0.1)), k = 0, . . . , 60 for ε ∈ [−0.2, 0], i.e. that the response is in fact a
smooth function. We used the aforementioned Chebyshev grid simulating 1, 000, 000
different randomly selected parameters with 50 runs of 3000 timesteps each, and
quantified both Birkhoff variance within parameters and variance between param-
eters (i.e. arising from the random parameter selection) using standard ANOVA
methods [42]. We obtain a p-value of 0.26, consistent with the null hypothesis of a
smooth response.
We note that in Figure 3 the response of EεΨ for systems with finite M have
(just) noticeable rough deviations from the M → ∞ limit: these non-smooth de-
viations arise from the finite sampling of parameters a(j) from ν(a), approximated
by the random variable η defined in (14), as discussed above.
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Figure 3. Response term EεΨ for a perturbation of the form (7)
for an uncoupled heat bath scenario in the case when the micro-
scopic dynamics is given by the logistic map (6), which does not
satisfy LRT, and the logistic map parameters are sampled from the
raised cosine distribution (9). For different values of ε we employ
a total of 105 iterates to estimate EεΨ as a temporal average. (a)
Plots for finite M : 95% confidence intervals were estimated from
10 realisations differing in the initial conditions of the heat bath,
and are not visible. (b) Infinite M limit, confidence intervals not
visible, from 50 realisations of 3000 iterates for 106 parameters
a(j) independently selected for each ε. (c) Estimate of Chebyshev
coefficients
∑∞
k=0 ΨˇkTk(0.1
−1(x+ 0.1)) := 〈EεΨ〉.
We now provide a heuristic argument how averaging over a smooth distribution
such as the raised cosine distribution (9) can lead to LRT for the macroscopic ob-
servable Ψ. Let us first recall the dynamic reason of why LRT is violated in the
logistic map. We follow here [47] in our exposition. The critical point q = c with
f ′(c) = 0 leads to a non-uniform compression of the phase space around q = c:
an initially smooth initial density which contains the critical point in its support
is propagated under the dynamics to a non-smooth density with a spike with an
inverse square-root singularity at q = f(c). This compression is repeated to pro-
duce further inverse square-root singularities at locations qn = fn(c) of amplitudes
asymptotically proportional to α−n/2 (and thus contain a probability mass of order
αn/2), where 1 < α denotes the Lyapunov multiplier of the logistic map. The result
is that the invariant density contains an infinite number of spikes of decreasing
amplitude. The effect of the perturbation, by modifying the forward orbit of the
critical point (fn(c))n∈N, is to displace these spikes. Because the map f is chaotic
and thus exponentially sensitive to perturbations, spikes move with an instanta-
neous speed of the order of αn per unit change of the perturbation. This scenario is
described in Figure 4(a). The high speed of the small spikes (i.e. those with large n)
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in conjunction with their relatively large probability mass implies that the sum of
their (distributional) derivatives diverges, leading to breakdown of linear response.
The reader is referred to [47] for details and to [26] for a numerical illustration.
0.0 0.5 1.0
q
10−1
100
101
〈 dµa
(q
)
d
q
〉
0.0 0.5 1.0
q
10−1
100
101
(a)
(b)
Figure 4. Histogram of the averaged acim of the q(j) for the lo-
gistic map system with (a) ν = δ3.75 and (b) ν the raised-cosine
distribution (9), for ε = −5×10−4 (orange dashes) and ε = 0 (blue
line).
We conjecture that a smooth distribution of the parameters a of the logistic map
smears out the effect of the fast displacement of the small spikes upon perturbation
by distributing the spikes on the interval [0, 1]. For a given perturbation size ε,
there will be a size n∗ (perhaps non-uniform over chaotic parameters) such that a
spike indexed by n ≥ n∗ will be displaced enough as the perturbation is turned on
that its position at perturbation ε is essentially independent of its perturbation at
point 0: thus, its perturbed location can be understood as an independent sample
from some measure. Supposing that the forward orbit of the critical point for typi-
cal chaotic logistic parameters is a “typical” orbit, this position of the spike can be
understood as randomly sampled from a somewhat coarse-grained version of the
parameter’s perturbed invariant measure, i.e. one containing only spikes with order
less than n. Since we are sampling from an infinite number of chaotic parameters
where high-enough-order spikes are distributed independently between nearby pa-
rameters, the averaged distribution of the spikes should approximate an average of
the coarse-grained invariant measures (which of course depend on the the position
of low order spikes etc.). From this recursion, we expect the averaged distribu-
tion of the invariant measures to contain some low order spikes and otherwise be
continuous. This is numerically confirmed in Figure 4. Since the low order spikes
behave smoothly upon perturbation, the measure µa(q) is smooth and macroscopic
observables, averaged over this measure, satisfy LRT.
However, we caution that this argument may not generalise to other systems. In
Figure 5 we present numerical evidence demonstrating that mean-field averaging
fails to improve the linear response of a unimodal map of the torus (R/Z)2, given
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by
x
(j)
n+1 = x
(j)
n + a
(j)y sinpix(j)n mod 1(16)
y
(j)
n+1 = y
(j)
n + a
(j) sinpi(x(j)n + y
(j)
n ) + ε mod 1,(17)
for j = 1, . . . ,M . The parameters a(j) are again distributed according to a raised
cosine distribution with support on [3.7, 4.3]
(18) ν(a) = 1[3.7,4.3]
1
0.1
(
1 + cos
(
a− 3
0.3
pi
))
,
and the mean-field observable is given by Ψ = 1M
∑M
j=1 ψ(x
(j), y(j)) where ψ(x, y) =
x, as before. We tested the null-hypothesis of 〈EεΨ〉 being well-approximated by
a linear combination of Tk(0.05−1(ε − 0.05)), k = 0, . . . , 100 for ε ∈ [0, 0.1], and
obtained a p-value p = 0.49, consistent with the null hypothesis. However in
Figure 5 we see that the estimated Chebyshev coefficients decay approximately as
(k−1.5) which is slower than (k−4) seen in the one-dimensional unimodal example,
indicating a rather low-order differentiability. This level corresponds quite closely
to that obtained for the expectation value Eεψ(x(j), y(j)) of a single microscopic
systems, as illustrated in Figure 6; hence the averaging over parameters appears
only to be smoothing out the large jumps arising from periodic windows but does
not improve the degree of differentiability.
In the specific case where the microscopic dynamics evolves under unimodal maps
such as those studied here, we can however make a concrete argument for the smear-
ing out the effect of the fast displacement of the small spikes upon perturbation.
It is conjectured by Avila et al [6], there exists an ε-dependent analytic function
α(a, ε) of the invariant measures, such that the map with parameters (a, ε) is topo-
logically conjugate to the map with parameters (α(a, ε), 0). Unimodal maps, at
least of Misiurewicz type, have linear response within topological conjugacy classes
[47], and as a result we can say
〈EεΨ〉 =
∫ ∫
ψ(q)dµa,εn (dq)ν(a)da
=
∫ ∫
ψ(q)dµα(a,ε),0n (dq)ν(a)da+ h.o.t.
=
∫ ∫
ψ(q)dµα,0n (dq)ν(a(α, ε))
da
dα
dα+ h.o.t.,(19)
where the higher order terms are the response of the observable from (α(a, ε), 0)
to (a, ε) and are thus similarly smooth. Hence the existence of linear response
d〈EεΨ〉/dε (and by a similar argument higher-order response) is guaranteed, pro-
vided that the distribution of the parameters of the logistic map ν(a) is at least
once continuously differentiable (and provided α(a, ε) is analytic in a sufficiently
uniform way[6]).
5.2.3. The microscopic subsystems do not satisfy LRT and are not appropriately
heterogeneous. If the microscopic dynamics does not obey LRT and the logistic
map parameters are non-smoothly distributed, then LRT fails for macroscopic ob-
servables (2), independent of whether the heat bath is finite or infinite. Consider
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Figure 5. Response term EεΨ for an uncoupled heat bath sce-
nario for the map (17) where the parameters are sampled from
a raised cosine distribution (18). (a) Infinite M limit with con-
fidence intervals (black) and 21-point moving average with confi-
dence intervals (white) from 15 realisations of 6000 iterates for 106
parameters a(j) independently selected for each ε. (b) Estimate of
Chebyshev coefficients
∑∞
k=0 ΨˇkTk(0.05
−1(x+−0.05)) := 〈EεΨ〉.
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Figure 6. Individual response terms Eεψ(x(j), y(j)) with confi-
dence intervals for the map (17) where the parameters selected
from the raised cosine distribution (18). (a) Response for five ran-
domly selected microscopic variables. The large jumps of the re-
sponse outside the figure correspond to regions of regular dynam-
ics. (b) Estimate of Chebyshev coefficients
∑∞
k=0 ΨˇkTk(0.05
−1(x+
−0.05)) := 〈EεΨ〉 for one of the variables in (a).
the following non-smooth parameter distribution
ν(a) =
p∑
k=1
wkδ(a− ak),(20)
where at least one of the logistic map parameters ak corresponds to chaotic dy-
namics. The invariant measures µak,ε for fixed parameters ak are not differentiable
with respect to the perturbation size ε per assumption. The averaging over the
independent heat bath variables only involves finitely many logistic parameter val-
ues, and hence in this situation averaging is not able to smear the effect of the
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non-smoothness of the finite number of associated invariant measures µaj . In Fig-
ure 7 we show the response EεΨ which as expected exhibits non-smooth behaviour
upon varying the strength of the perturbation ε. The response term EεΨ quickly
converges and for M = 300 is almost indistinguishable by eye from the response
〈EεΨ〉 in the thermodynamic limit.
−0.200 −0.175 −0.150 −0.125 −0.100 −0.075 −0.050 −0.025 0.000
ε
0.640
0.645
0.650
0.655
0.660
0.665
Eε
Ψ
M = 300
M = 3000
M =∞
Figure 7. Response term EεΨ for a perturbation of the form (7)
for an uncoupled heat bath scenario in the case when the micro-
scopic dynamics is given by the logistic map (6), which does not
satisfy LRT, and the logistic map parameters are distributed as in
(20) with ν = 13 (δ3.72 + δ3.75 + δ3.78). Error bars were estimated
from 10 realisations differing in the initial conditions of the heat
bath, and are not visible.
6. Linear response of macroscopic observables of microscopic
subsystems with mean field coupling
We now consider the case when the heat bath variables q(j) couple via the mean
field Φn. In Section 6.1 we derive a non-Markovian closure of the mean-field dy-
namics, along the lines of the reduction derived in Section 5, that is deterministic
in the thermodynamic limit and stochastic for finite M ; in Sections 6.2 and 6.3 we
study the mean-field dynamics using this macroscopic closure.
6.1. Surrogate approximation of the mean field dynamics. Before we can
study the response of the mean field coupled system to external perturbations εg, we
need to understand the implied macroscopic dynamics Φn generated by the system
for the externally unperturbed system with ε = 0. To do so we view the system
as driven by a prescribed time-dependent external driver dn rather than the mean
field Φn, as illustrated in Figure 8 (which should be compared with Figure 1(b)).
Hence we replace the mean field coupled dynamics (4) by
q
(j)
n+1 = f(q
(j)
n , dn; a
(j), ε)(21)
for a prescribed external driver dn. In the thermodynamic limit of the mean field
coupled system (4) the driver dn = Φn is indeed prescribed by the initial conditions,
which is simply the initial distribution of the q(j) (c.f. 29). For large but finite M ,
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the q(j)n conditioned on the history of the mean field (Φn−1, . . .) can be considered as
independently distributed and one can again view the mean field Φn as an externally
prescribed noisy driver dn with specified statistical properties. We have checked
that the linear response function EεΨ is identical for the original mean field coupled
system (4) and the surrogate driven system (21) with dn chosen as a random draw
of the Gaussian process defined by (25).
Let us now determine the statistical properties of a macroscopic mean field ob-
servable for the driven surrogate system (21). The mean fields Φn and Ψn are again
Gaussian process with (now time-dependent) statistical properties given again by
statistical limit laws, and we write in particular
Φn = 〈Ed[Φn]〉+ 1√
M
ζn +
1√
M
ηn +
(
1√
M
)
,(22)
where
Ed[Φn] = E[Φn|dk; k < n](23)
denotes the conditional expectation over the past history of the driver and averages
now involve time-dependent measures µa
(j)
n . The autocovariances of the mean-
zero Gaussian process ζn are given by a central limit theorem approximation of
Φn − Ed[Φn] with
Cov[ζn, ζn−k] = 〈Cov[φ(q(j)n ), φ(q(j)n−k)]〉,(24)
where the covariance is defined using the conditional average over the history of
the driver (cf. (13)). Note that the autocovariance is not a function of n−m due
to the non-Markovian nature of the dynamics. Similarly, a central limit theorem
approximation of Ed[Φn] − 〈Ed[Φn]〉, defines the mean-zero Gaussian process ηn
with autocovariance
〈ηεn, ηε
′
m〉 = 〈Ed,ε[φ(q(j)n )]Ed,ε
′
[φ(q(j)m )]〉 − 〈Ed,ε[φ(q(j)n )]〉〈Ed,ε
′
[φ(q(j)m )]〉,(25)
where again the conditional expectation values E are used (cf. (15)). Note that the
Gaussian processes ζn and ηn are independent.
Impulsive response at a given time to a perturbation of driven process dn 7→
dn + θn, where |θn|  1, can be, at least formally, captured by the susceptibility
function
Rn(z) =
∞∑
k=1
χn,k z
k,(26)
defined for |z| ≤ 1. The fluctuation coefficients χn,k describe the change of the
mean field induced by the drivers θn as
〈Ed+θΦn〉 − 〈EdΦn〉 =
∞∑
k=1
χn,k θn−k,(27)
where the averaged fluctuation coefficients are given by
χn,k =
∫
χan,k ν(a)da.(28)
A necessary condition for LRT with respect to a bounded driver θn is the summabil-
ity of the coefficients χk. Once LRT with respect to the driver dn can be shown, we
can proceed to study the linear response with respect to the external perturbation
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q(1)
q(2)
q(M)
q(M 1)
 n
q(j)
dn 1
· · · ···
Figure 8. Sketch of the macroscopic dynamics Φn mediated by
the microscopic reservoir.
with ε 6= 0 (recall that dn = Φn (cf. Figure 1)).
In the thermodynamic limit, provided the microscopic dynamics are mixing, we
can use that the measures µan are the physical invariant measures generated by
the cocycle f(·,Φn; a, ε) [20, 12] to create a closure of the dynamics of Φn as a
deterministic recurrence relation:
Φn = 〈Ed=Φ[Φn]〉 =: F (Φn−1,Φn−2, . . . ; ε).(29)
If the mixing times of the q(j) are much shorter than a delay k∗, then the effect of
the driving Φn−k for k ≤ k∗ is minimal and the mean field dynamics is effectively
Markovian in a space of dimension k∗ or less.
As in the case of an uncoupled heat bath, the linear response for finite size
M is dominated by the linear response of the thermodynamic limit. The CLT
approximation (22) assures that the microscopic dynamics (21) which is driven by
dn = Φn is essentially stochastic with a noise process ζn that has decay of temporal
correlations (since the q(j) exhibit decay of correlations). This self-induced dynamic
noise generates linear response for finite mean field coupled heat baths due to
results by Hairer and Majda [32], with the complication that the parameters of the
dynamical noise are self-induced.
In the case when the mean field has linear response with respect to perturbations
of the driver in the thermodynamic limit, or the limiting dynamics is chaotic, the
attractor and the parameters of the noise process ζn are both typically sufficiently
stable to perturbations to obtain linear response: for finite M the response 〈EεΨ〉
as a function of ε is typically a smoothed version of that of the thermodynamic
limit (see Figures 9, 10 and 16). In the case when the mean field does not have
linear response in the thermodynamic limit and the limiting dynamics is trivial, the
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finite-size dynamics typically also converges to equilibria with weak stability prop-
erties, in the sense that asM →∞ the set of bifurcations in the response appears to
become asymptotically dense (see Figure 7). Thus, for finite M the noise typically
induces linear response locally at generic parameters, with the overall structure
of the response depending on the dynamics and linear response properties of the
thermodynamic limit.
In Section 6.2-6.3 we will consider the dynamics of the system in the thermo-
dynamic limit. The first case is when Φn = 〈EΦn〉 approaches a fixed point Φ¯ for
M → ∞, the second case is when the mean field Φn itself exhibits nontrivial dy-
namics. Whereas in the first case the linear response of the macroscopic observable
Ψ is determined by the properties of the microscopic dynamics, in the latter case
it is entirely determined by the response of the macroscopic dynamics.
6.2. Trivial dynamics of the mean field observable. Let us first look at the
case of the mean field at a stable fixed point Φ¯, in the sense that the mean field
remains bounded when perturbed from Φ¯ and, when the collective dynamics have
LRT, Φ¯ is a stable fixed point of Φn in the thermodynamic limit.
To understand the stability, we can apply the external driving framework ex-
pounded in the previous section to the dynamics of our system about the equilib-
rium dn ≡ Φ¯. Stability is in fact assured provided that the complex susceptibility
function R(z) does not have any roots inside the unit disk. This follows by consid-
ering θn = 〈EΦn〉 − Φ¯ = λn in (27) which leads to
R(λ−1)− 1 = 0,
and hence, for unstable |λ| > 1, to the condition for instability.
If stability is ensured, the linear response of the fixed point Φ¯ with respect to
external perturbations εg is established by the implicit function theorem from (29).
Once an external perturbation εg is applied, the fixed point depends on ε, and we
write
0 = F (Φ¯ε, Φ¯ε, Φ¯ε, · · · ; ε)− Φ¯ε.(30)
In the following numerics the M → ∞ limit is computed by estimating a solution
to this equation.
Differentiation with respect to the external perturbation yields
0 =
dΦ¯ε
dε
(
∂
∂Φ¯ε
F (Φ¯ε, Φ¯ε, Φ¯ε, · · · ; ε)− 1
)
+
∂
∂ε
F (Φ¯ε, Φ¯ε, Φ¯ε, · · · ; ε)
=
dΦ¯ε
dε
( ∞∑
k=1
χk − 1
)
+
∂
∂ε
F (Φ¯ε, Φ¯ε, Φ¯ε, · · · ; ε).
This immediately yields that
dΦ¯ε
dε
=
∂
∂εF
1−R(1) ,(31)
and hence the existence of linear response, provided R(1)− 1 6= 0.
As for the uncoupled scenario we shall now show the linear response behaviour
for the three different cases of the microscopic dynamics.
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6.2.1. The microscopic subsystems satisfy LRT. We consider here the case of uni-
formly expanding dynamics of the microscopic systems, such that each subsystem
individually satisfies LRT. In particular, we choose the following uniformly expand-
ing map
qn+1 =
T (qn) +Kn
(
1−√0.03(1− 0.97K2n) + 0.97(T (qn) +Kn)2)
1− 0.97K2n
,(32)
where Kn = tanh(εΦn − 2), qn ∈ [−1, 1] and T (q) = 2q − sign q is the doubling
map. All microscopic degrees of freedom q(j) evolve according to the same map but
with randomly distributed initial conditions. This map is full-branch uniformly
expanding for fixed Kn. This map was carefully constructed to allow for nontrivial
mean field dynamics for larger values of ε which will be discussed in Section 6.3. We
choose the coupling function φ(q) = − 2330 + 72q2−2q4 to generate the mean field Φn.
For simplicity, we choose the mean field observable Ψ = Φ. The dynamics in the
thermodynamic limit M =∞ was computed using a spectral method [49, 48] (see
Appendix A for more details). For small values of ε the mean field Φn converges
to a stable fixed point, and the macroscopic observable Ψ = Φ satisfies LRT as
shown in Figure 9. The variation about Φ = Φ¯ can be shown to converge to the
limiting distribution of the mean zero stochastic process ζn with autocovariance
(25). We will see later in Section 6.3 that for larger values of ε, the mean field
exhibits nontrivial chaotic dynamics, violating LRT.
14.5 15.0 15.5
ε
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ε
Φ
〉
M = 1000
M = 10000
M = 100000
M =∞
Figure 9. Response term EεΦ for the uniformly expanding map
(32) with mean field coupling under trivial dynamics, showing
(1/M) convergence to the thermodynamic limit M →∞.
6.2.2. The microscopic subsystems do not satisfy LRT but are appropriately hetero-
geneous. For the modified logistic map (6) with mean field coupling (8) where the
parameters a(j) are drawn from the raised-cosine distribution (9), one obtains a
stable fixed point Φn → Φ¯ for ε < −0.075. The associated linear response is clearly
visible in Figure 10. In fact, as discussed above, (nonlinear) third order response
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holds for the three times continuously differentiable raised cosine distribution (9).
We remark that for ε > −0.075 the mean field exhibits nontrivial dynamics in
the thermodynamic limit, and we observe a break down of LRT to be discussed in
Section 6.3.
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Figure 10. Response term EεΨ for the modified logistic map (6)
with mean field coupling (8). The parameters a(j) are drawn from
the raised-cosine distribution (9). Error bars were estimated from
10 realisations of 105 iterates, differing in the initial conditions of
the heat bath, and are not visible.
In Figure 12 we see very slow convergence of the mean EεΨ to its limiting
value: in particular, it is slower than the (1/M) rate for uniformly expanding
dynamics leading to trivial dynamics (cf Figure 9), and seemingly slower still than
the (1/
√
M) rate that we might expect from sampling errors of η. Although the
mean response of smooth families of logistic maps have linear response to constant-
in-time perturbations as discussed in Section 5.2.2 and in fact numerical experiments
demonstrate that the susceptibility function χ appears to have summable decay,
they do not appear to have linear response to stochastic perturbations (beyond
perhaps a formal one). We argue that this arises from the noise-induced destruction
of narrow periodic windows that have “extreme” values of Ea,εψ(q) compared with
the surrounding, more stochastically stable chaotic parameters, and thus exhibit a
disproportionately large response to the introduction of noise (see Figure 11). An
improved approximation to EεΨ compared with the M → ∞ limit is obtained by
creating the following surrogate for the driving Φn dynamics
Φn = Φ¯
ε,M +
1√
M
ζn,
where (as a modification of 30),
0 = EF (Φ¯ε,M +
1√
M
ζn−1, Φ¯ε,M +
1√
M
ζn−2, . . .)− Φ¯ = 0
and ζn is the Gaussian CLT correction term to Φn ≡ Φ¯ε,∞ with covariance given
by (24). The improved approximation, labelled CLT approximation, is shown in
Figure 12.
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Figure 11. Response term Eaψ for noise-perturbed logistic map
qn+1 = aqn(1 − qn) + σξn, where ξn is i.i.d. Gaussian noise and
the observable ψ(q) = q. The response is plotted at increments
of da = 10−8, thus for small σ only a subset of narrow periodic
windows will be captured.
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Figure 12. Difference between the response term EεΨ for finite
M and for the thermodynamic limit for the modified logistic map
(6) with mean field coupling (8). For each value ofM the response
of the corresponding CLT approximation using noise estimated
from M = 106 was used. The parameters a(j) are drawn from the
raised-cosine distribution (9). Error bars were estimated from 10
realisations of 105 iterates, differing in the initial conditions of the
heat bath, and are not visible.
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6.2.3. The microscopic subsystems do not satisfy LRT and are not appropriately
heterogeneous. For non-smooth distributions of the logistic map parameters a(j)
such as (10) the dynamics also converges to a stable fixed point Φ¯ε for ε < −0.075.
The mean field Φ¯ε however does not vary smoothly with respect to ε, violating LRT.
This is illustrated in Figure 13. The breakdown of LRT in the thermodynamic limit
is linked to ∂F (Φ¯ε, Φ¯ε, · · · )/∂Φ¯ε not being defined. For finite M , the derivatives
∂F (Φεn,Φ
ε
n, · · · )/∂Φ¯ε with Φεn = Φ¯ε + ζn/
√
M, Φ¯ε + ζn−1/
√
M are well defined (in
an annealed sense), however the fixed point loses stability or the derivatives develop
singularities as M → ∞. The poor behaviour of the derivative corresponds to the
breakdown of LRT in the limiting systems as the noise is decreased to zero.
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Figure 13. Response term EεΨ for the modified logistic map (6)
with mean field coupling (8). The parameters a(j) are drawn from
the discrete distribution (10). Error bars were estimated from 10
realisations differing in the initial conditions of the heat bath, and
are not visible.
6.3. Nontrivial dynamics of the mean field observable. The mean field Φ
or any macroscopic observable Ψ may itself exhibit non-trivial dynamics of varying
complexity in the thermodynamic limit M =∞. The overall response behaviour is
then determined by the macroscopic dynamics rather than by the properties of the
microscopic subsystems. We show the emergence of non-trivial chaotic LRT violat-
ing macroscopic dynamics. The first one, surprisingly, involves a heat bath which
evolves under uniformly expanding dynamics when uncoupled, and the second one
involves microscopic dynamics that individually violate LRT.
To generate emergent nontrivial macroscopic dynamics of the mean field, we
again use the uniformly expanding map (32) with the even Lebesgue-measure zero
coupling function φ(q) = − 2330 + 72q2 − 2q4 to generate the mean field Φn. We
show in Figure 14 the map and its invariant measure, where the dynamics in the
thermodynamic limit M =∞ was computed using a spectral method [49, 48] (see
Appendix A for more details). The map and coupling function Kn are judiciously
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chosen to yield nontrivial dynamics for the mean field Φn, mediating dynamics akin
to a unimodal map for Φn.
The map is constructed such that when the q(j) are approximately evenly dis-
tributed, Φn ≈ 0, causing an extreme value Kn ≈ tanh−2 ≈ −0.96: this pushes
the q(j) strongly towards q = −1 which leads to a larger value Φn+1, concentrating
around Φ = 2/ε. For these values of Φn+1, Kn+1 ≈ 0, and thus in the next step the
q(j) are spread more evenly over the interval [−1, 1], mapping Φn+1 back around
zero. The concentration in the first step provides the folding and the sensitivity of
Kn to small changes in Φn for large ε provides the stretching necessary for chaotic
dynamics.
In Figure 15 we show the map Φn+1 = F (Φn,Φn−1, . . .) generated by the dy-
namical system (32) in theM =∞ limit for ε = 30. The dynamics is clearly chaotic
with the leading Lyapunov exponent λ1 = 0.18 > 0 (λ2 = −0.43 and λ3 = −0.81).
The dynamics of the macroscopic observable Ψn = Φn exhibits a complex bifurca-
tion cascade upon varying ε, depicted in Figure 15. For ε ≤ 18.4159, the macro-
scopic dynamics has a stable fixed point; upon increasing the perturbation ε a
period-doubling cascade leads to chaotic, apparently unimodal-like, dynamics in-
termingled with periodic windows for values of ε > 26.1649. One can clearly see
dark scars in the bifurcation diagram in the chaotic region of ε > 26.1649. This is
reminiscent of the logistic map [15] where the scars denote narrow intervals of 〈Φn〉
with increased probability, corresponding to large spikes, which vary smoothly with
respect to ε.
In Figure 16 we show the linear response term EεΨ of the uniformly expanding
map (32) for several finite M heat bath sizes and for the thermodynamic limit
M =∞ for ε ∈ [27.5, 30], clearly illustrating the breakdown of LRT. We recall that
the same map exhibits LRT for small values of ε, where the macroscopic mean field
converges to a stable fixed point, for the same parameters.
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Figure 14. (a) Plot of the uniformly expanding map (32) and (b)
its invariant measure for various values of Kn ≡ K.
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Φ
n
Figure 15. Above: 2D projection of the attractor onto delay co-
ordinates of the macroscopic map Φn+1 = F (Φn,Φn−1, . . .) gener-
ated by the uniformly expanding map (32) for ε = 30. The system
has two periodic components separated by a gap around the un-
stable fixed point Φn−k ≡ 0.51258. Below: Bifurcation diagram
of the map (32) showing period doubling bifurcations and chaotic
dynamics.
We now provide another example of nontrivial chaotic mean field dynamics which
violates LRT, now employing microscopic subsystems which do not satisfy LRT but
which are appropriately heterogeneous to produce LRT in trivial dynamics or with-
out back-coupling. We choose again the modified logistic map (6) with mean field
coupling (8) and consider a smooth distribution of the parameters a(j) using the
raised-cosine distribution (9). For a wide range of values of ε > −0.075 nontrivial
chaotic dynamics is observed. The stable fixed point loses stability at ε ≈ −0.075
through a saddle-node bifurcation (not shown), from which emanates a stable limit
cycle centred around an unstable fixed point with EΨ ≈ 0.615: as ε increases, this
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Figure 16. Response term EεΨ of the uniformly expanding map
(32) for finiteM response, showing convergence to thermodynamic
limit M → ∞. The black box shows the region which is magni-
fied on the right. Error bars were estimated from 10 realisations
differing in the initial conditions of the heat bath, and are not
visible.
bifurcates to chaos. We illustrate the dynamics for ε = 0, which exhibit Shilnikov-
type chaos, in Figure 17. In Figure 10 we show the linear response term EεΨ
for several finite M heat bath sizes and for the thermodynamic limit M = ∞ for
ε ∈ [−0.2, 0], clearly illustrating the transition to LRT violating macroscopic dy-
namics around ε = −0.075. Note that the finite size response is smoothed due to
the self-induced noise process ζn.
The examples given above of high-dimensional system exhibiting non-uniformly
hyperbolic chaotic collective behaviour are in disagreement with the often invoked
assumption that macroscopic observables of high-dimensional systems obey linear
response. This is the more surprising as the non-uniformly hyperbolic chaotic be-
haviour is robust (modulo periodic windows) with respect to the external perturba-
tion, different choices of the coupling function, different weightings in the coupling,
etc.
7. Discussion
We established conditions under which macroscopic mean field observables en-
joy linear response. We considered two scenarios, macroscopic observables of an
uncoupled collections of microscopic subunits as well as macroscopic observables of
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Figure 17. Top: Time series of the macroscopic map Φn+1 =
F (Φn,Φn−1, . . .) generated by the modified logistic map (6) with
mean field coupling (8) for ε = 0, approximated by a finite en-
semble of size M = 107. The red dotted line shows an unstable
fixed point of the system. The parameters a(j) are drawn from
the raised-cosine distribution (9). Bottom: Projection onto delay
coordinates of the attractor and dynamics of the same map. The
red dot near the centre of the attractor denotes an unstable fixed
point of the system.
microscopic subunits which are are coupled via their mean field. We found that lin-
ear response is possible even in the case when the microscopic systems individually
violate LRT, provided the microscopic dynamics is heterogeneous with parameters
drawn from a sufficiently smooth distribution. We also found that for back-coupled
systems of finite size, LRT (for small enough perturbations) is expected for any kind
of microscopic dynamics: this can be understood as the result of emergent stochas-
tic effects. We further established that in the infinite M limit, the mean field
dynamics can exhibit attracting dynamics that appear non-uniformly hyperbolic
and certainly fail to have LRT, even when the microscopic subunits are individu-
ally uniformly expanding; this presents a counter example to the widely believed
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hypothesis that macroscopic observables of high-dimensional systems typically obey
linear response.
Our results rely on the existence of statistical limit laws such as the central
limit theorem. These are proved for strongly chaotic systems, and in particular
for uniformly expanding maps as well as for smooth unimodal maps. We follow
here [25] and assume that typical dynamical systems are strongly chaotic and hence
enjoy good statistical properties, so that our results carry over to typical dynamical
microscopic systems.
We presented here results for mean field observables Ψ of the form (2). We
remark that our results carry over for more general (e.g. weighted) mean field vari-
ables provided those weights are sufficiently smoothly distributed, and indeed we
expect broadly similar results for more general “macroscopic” observables.
In previous work on LRT in high-dimensional systems we considered the more
specific case where ε was an additive perturbation of the logistic parameters a(j)[50].
We remark that these results carry over in this more specific case. This is readily
seen, e.g. in the uncoupled case, by writing
〈EεΨn〉 =
∫∫
ψ(q)dµa+εn (q)dν(a)
=
∫∫
ψ(q)dµan(q)ν(a− ε)da.
The linear response term is then readily evaluated as
d
dε
〈EεΨn〉 = −
∫∫
ψ(q)dµan(q)
d
da
ν(a)da,
which implies that LRT is valid provided that the system is appropriately hetero-
geneous with integrable distribution dν(a)/da.
To reduce the complexity of expression we have enforced mixing dynamics, with
no chaotic synchronisation, for example by including the hidden r-dynamics in (6).
It would be interesting to study the case when the microscopic dynamics is not
restricted in this way, for example if periodic dynamics were allowed.
We have corroborated our findings with detailed numerical simulations and have
provided several heuristic arguments based on statistical limit laws: we hope these
arguments can be made rigorous.
We have only discussed the existence of LRT and have not considered fluctuation-
dissipation formulae to provide a compact analytical formula for the response term.
This may require treatment of the non-Markovian dynamics of the macroscopic
variable as well as the interplay of the perturbed microscopic dynamics and the
macroscopic dynamics, the latter having been studied in the context of slow-fast
systems[1].
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Appendix A. Numerical method to compute the thermodynamic limit
M →∞ limit for uniformly expanding map case
In the infinite M limit the strong law of large numbers holds and
Φn = 〈EΦn〉 =
∫
φ(q)dµn(q),
where µn is the (time-varying) physical measure of the system. This evolves as:
µn+1 = LKnµn,
where LKn is the transfer operator of the system (32) and recalling that Kn :=
tanh(εΦn − 2).
Because for all fixed Kn = K the map (32) is uniformly expanding, the physical
measures µn are absolutely continuous with respect to Lebesgue, and we can write
them as µn(q)dq. Furthermore, because the map (32) is analytic and hence infin-
itely many times differentiable, it is possible to approximate the measure density
and transfer operator dynamics very accurately using Chebyshev spectral Galerkin
methods [49]. We have implemented adaptive-order spectral approximation of the
measure density in the Julia package Poltergeist.jl [48], which allows us simulate the
dynamics of µn. The core routine, which outputs µn+1 and Φn+1 given inputs µn,
ε and driving dn (by default Φn), is defined as follows (note that Julia recognises
Unicode characters):
function F(µ_n , ε, d_n = sum(φ*µ_n))
K_n = tanh(d_n*ε-2)
f_n = f_map(K_n)
# create MarkovMap object
µ_n1 = transfer(f_n ,µ_n)
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# compute µn+1
return µ_n1 , sum(φ*µ_n1)
end
More details of the algorithm and some examples of its use may be found at https:
//github.com/wormell/PoltergeistExamples/blob/master/WeakSelfCoupling-
LimitingSystem.ipynb.
After the first time the routine is called (during which Julia compiles the code),
the algorithm takes around 8 × 10−4 seconds to compute each µn+1 from µn, and
has an approximation error of only around 10−13: by comparison, an already im-
practically large ensemble of M = (108) has a relatively large approximation error
of 10−3.
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